I. INTRODUCTION
T HE Q-switched high peak power Nd : YAG laser operating in a single axial mode is a very useful source for nonlinear and spectroscopic studies. Previously we have reported achieving stable single axial mode operation of an unstable resonator [7] , and various figure "8" or ring resonator configurations [8] .
These efforts resulted in single axial mode operation for only a fraction of the time and led to significant power reduction or resonator alignment instability.
The advantages of the unstable resonator Failure of numerous attempts to achieve stable single axial mode operation from the unstable resonator Nd:YAG oscillator via a selective loss process eventually led us to the consideration of axial mode selection via the injection seeding process. Injection seeding was found to be easy to implement and extremely effective for obtaining long-term stable single axial mode operation of the unstable resonator Nd:YAG laser oscillator.
Injection locking has been widely applied to CW lasers for frequency locking and phase locking [ 161 . External signal injection also has been applied to pulsed dye lasers [17] and excimer lasers [18] to narrow the output bandwidth [19] and to improve the spatial mode quality [20] . However, in previous work, the oscillator output spectrum still consisted of many axial modes.
In this paper we show that injection seeding provides long term stable operation of the Q-switched Nd:YAG oscillator in single axial mode with Fourier transform limited spectral linewidth.
When an external signal is injected into a high gain laser oscillator whose axial mode separation is much wider than the bandwidth of the injected signal, an axial mode selection process takes place instead of the frequency locking process. We refer to this process as injection seeding. In the injection seeding process, laser oscillation occurs at the axial mode nearest the injected frequency and not at the frequency of the injected signal. Injection seeding for axial mode selection In Section I1 we develop a model that describes axial mode selection by injection seeding of an external signal. The cavity field equations are developed which include the externally injected field. The cavity field equations and population rate equation for a nondegenerate two-level system are numerically solved in Section 111. Section IV describes the experimental studies of injection seeding using the unstable resonator Nd: YAG oscillator. A technique to obtain a long-term frequency stability if also described. 11. THEORETICAL MODEL Fig. 1 illustrates the concept of the axial mode selection process by injection seeding of an external signal into a Qswitched or gain switched laser oscillator. An external signal at frequency wi and with a bandwidth much narrower than the axial mode separation is injected near one of the axial mode frequencies w, of the slave oscillator.
The injected field leads to the amplification of the axial mode field starting at the coupled injected field amplitude instead of from noise. If the bandwidth of the injected field is sufficiently narrow, the fields at the other resonator axial mode are not influenced by the injected field and start from noise. Single axial mode oscillation is accomplished if the mode, which is influenced by the externally injected field, reaches saturation and extracts energy from the gain medium earlier than the fields at the other noninjected axial mode resonances. A consequence of this model is that the output frequency occurs at the seeded axial mode frequency of the slave oscillator and not at input frequency of the master oscillator, as is the case €or injection locking.
The laser system is governed by three basic equations in the semiclassical theory [23] : the cavity field equation, the polarization equation, and the population rate equations:
Here -E; ( t ) is the electric field,? (t) is the macroscopic polarization of the gain medium, r, is the cavity decay time, w, is the cavity resonance frequency, e is the dielectric constant of the medium, F is the spatial mode filling factor, w, and Aw, are the atomic frequency and bandwidth,& and p are Planck's constant and the dipole moment, AN is the population difference, L is the Lorentz local field correction, and T 1 is the relaxation time. The intensity is given by C E [ E (t) l2 /a.
We choose to describe the cavity fields by their Fourier relations frequency components from the frequency of the injected field at time t , the frequency difference appears as a time derivative of the phase of E , (t) or P, (t) . It should be noted that the injected field remains at a constant frequency and that the cavity field suffers a phase shift during the amplification process.
Also, the above equations are strictly valid for near steadystate operation of a laser oscillator and may not be valid for the rapid buildup time reached in a high gain low-Q oscillator. For the present model to be valid, the oscillator buildup process must extend over multiple roundtrips through the gain medium such that process can be approximated by a continuous evolution of the phase and amplitude of the field. Numerical calculations show that the model is a very good approximation for the Q-switched unstable resonator Nd:YAG oscillator which typically requires a 60 ns buildup time or 15 roundtrips to reach saturation following the opening of the Q-switch.
We are interested in the amplification of the cavity field E , (f) at the injected field frequency wi.
Substituting the fields into (l), (2), and (3) and applying the slowly varying envelope approximation gives (t>l . ( 6 ) Here p ; i(t) and 7; &t) are complex conjugates of EWi(t) and 7 , i(t). For an atomic medium for which the polarization P W i ( t ) responds linearly to the field E W i , and for an injected frequency at the atomic frequency, (5) simplifies to
Equations (4) and (6) can be written by the use of (7) where Aw = ai -w, in (8) 
( 1 4) where 1 is the length of the gain medium. It should be noted that (1 1) is the cavity field equation without the external field source.
In the presence of an injected field, (1 1) becomes -
E W i ( t ) -m ( t ) =f {m(t))E&(t).
( 1 5) where f {m(t) ] is the coupling coefficient determined by the boundary conditions. Here ELi(t) is the phaser amplitude of the injected field defined by
It should be noted that this equation can be rewritten in a total differential equation form as
( 1 6 
)
The coupling coefficientf { m ( t ) ) is determined by imposing the Fabry-Perot boundary condition 27 ( 1 7) such that This expression for the coupling coefficient is valid in the paraxial approximation for an unstable resonator. In practice, geometrical factors associated with spatial mode overlap make an exact determination off {m (t) }difficult. Using (1 8 ) , the cavity field equation (15) becomes Equation (19) describes the temporal behavior of the cavity field in the presence of the externally injected field. Equation (19) shows that the contribution of the injected field to the evolution of the cavity field is modulated by a time-varying Fabry-Perot envelope which is determined by both the parameters of the slave oscillator and the detuningparameter. During the initial buildup stage, the field is driven mainly by the second term which is the Fabry-Perot modulated injected field. However, when the gain is larger than the loss, the first term, which is the amplification term, soon dominates over the second term. The influence of the injected field on the cavity field then becomes insignificantly small. Therefore, the effect of the injected field is important only during the initial buildup time of the slave oscillator.
Equation (19) is identical with the cavity field equation that has been developed for COz TEA lasers based on a FabryPerot model of the laser resonator. It reduces to give the equation that describes the CW injection locking solution in the steady-state limit [24] .
Since the injected field ELi(t) can be either an externally injected field or an internally generated spontaneous noise field, (19) describes either the field at the seeded axial mode or the field at the nonseeded axial modes. For the injection seeded field, (19) can be separated into real and imaginary parts by writing the field amplitude and phase expressions as
where & (t) and E '(t) are real amplitudes. Here the externally injected field &t) has zero phase and is detuned by Aw from the nearest cavity resonance mode. The real and imaginary parts of (19) describe the evolution of the amplitude and the phase, or the frequency shift which is the time derivative of the phase, of the injection seeded field. When the slave oscillator gain is turned on or when the Q-switch is opened, the initial conditions are assumed to be
At the nonseeded axial mode resonance, the field in the cavity field equation (19) is the internal spontaneous noise field. In addition, since Aw = 0, the imaginary part is identically zero. Based on an argument similar to that used by Lachambre et al, [21] , the spontaneous noise power density for typical operating parameters of the unstable resonator Nd:YAG i s lo-' W/cm2 [25] . Equation (9), the population rate equation, applies when the injection seeded field is the only one which oscillates within the laser resonator. When other noninjected axial mode fields oscillate simultaneously, (9) must be modified to account for the total field present in the gain medium. If @(t) is the total photon density, (9) becomes where @(t) is taken to be the incoherent sum of noise fields at each axial mode within the transition gain width including the injection seeded field [21] . 
To this point, the model is general and applies to all laser oscillators with a rapid increase in gain (gain switched lasers such as the COz TEA lasers) or the rapid decrease of the cavity loss in the presence of high gain (Q-switched laser operation). The time-varying gain or Q-switch loss appears explicitly in the cavity field equations through the parameter rn(t).
In the next section the coupled equations for the field at the seeded axial mode, the fields at the nonseeded axial modes and the population density are solved numerically for the field amplitude and phase as a function of time. The numerical solutions use parameters of interest for Q-switched Nd:YAG oscillators. In particular, the values of Tp (0) before the Q-switch opens and TQ ( T Q ) after the Q-switch opens were experimentally measured for the Nd:YAG unstable resonator oscillator which employed a KD*P electrooptic Q-switch. The Q-switch transmittance is represented in the model by
where TQ is the opening time of the &-switch and 0 < t < T Q .
The application of the model to Nd:YAG is further complicated by the spectral overlap of two transitions at 1.0642 and 1.0645 pm [26] , [27] and by the experimental observation that the transition is not homogeneously saturated on a time scale of Q-switched pulse lengths. The latter situation leads to a 15 percent decrease in the output energy from Nd:YAG for single axial mode operation relative to operation in two or more axial modes.
Although the model can be extended to include this effect [28] , the basic equations are numerically solved for the simpler two-level homogeneously broadened situation.
NUMERICAL SOLUTIONS OF THE CAVITY FIELD EQUATIONS The model equations
were solved by a numerical routine on a PDPLSI 11 minicomputer. Of particular interest was the evolution of the output frequency and the output power in time. Also of interest was the frequency detuning range over which injection seeding achieved single axial mode oscillation. The values required for the numerical computation are listed in Table I . These values were chosen to be consistent with the &-switched unstable resonator Nd:YAG oscillator used in the experimental measurements.
As a specific example, consider a 10 MHz bandwidth seed pulse with 10 W/cm2 intensity and 50 ns pulse width injected into an unstable resonator Q-switched Nd:YAC oscillator. The externally injected signal is assumed to be detuned 20 MHz from the nearest axial mode of the slave oscillator. The slave oscillator axial mode separation is 230 MHz and the slave oscillator is pumped twice above threshold at a single pass gain of 15. Fig. 2 shows the numerical solution for the phase and amplitude of the field versus time. Fig. 2(a) is a plot of the time derivative of phase @ versus time t. In this plot the y-axis corresponds to the instantaneous frequency of the injection seeded field. Fig. 2(a) shows that initially there is no frequency shift. Thus, the frequency of the injection seeded field is initially the same as the externally injected frequency as expected. However, as soon as the Q-switch opens, the frequency difference shifts from zero to Aw. This means that the injection seeded field frequency starts from the externally injected frequency at m i but experiences a rapid phase change which causes the field frequency to shift toward the nearest axial mode of the slave oscillator at w, = wi t Aw during the amplification process. Fig. 2(b) shows that the output of a Q-switched pulse at the injection seeded field is produced when the frequency is completely shifted to the nearest slave oscillator axial mode. The noninjected axial mode amplitudes are not plotted in Fig. 2 (b) because they are negligibly small compared to the seeded axial mode amplitude. The numerical results clearly show that the output pulse frequency is determined by the slave oscillator, not by the master oscillator.
This behavior, which is contrary to the case of CW injection locking, was experimentally verified.
In CW injection locking the slave oscillator acts like a regenerative amplifier for the externally injected signal. If the frequency of the externally injected field is detuned from the resonance of the slave oscillator, the output initially follows the frequency of the externally injected field. At some detuning range the externally injected field no longer can force the slave oscillator gain below threshold for other slave oscillator axial modes and multiaxial mode oscillation occurs [ 161 .
On the other hand, in injection seeding the steady-state regime is not reached. Instead, both the externally injected signal and the noise signals at the axial mode resonances of the slave oscillator grow simultaneously and compete to saturate the gain medium. Although the externally injected field is stronger than the noise field, it experiences a smaller gain because it suffers a phase change for each cavity traversal. The seeded axial mode field adds vectorially to the externally injected fixed phase field to produce a resultant field that changes in amplitude and in phase with time. This time-varying phase is equivalent to a frequency shift of the resultant field toward the nearest axial mode of the slave oscillator.
The detuning range for single axial mode operation is somewhat arbitrary because it is defined as the frequency detuning range over which the output power ratio between the seeded axial mode and the nonseeded adjacent axial mode always exceeds an arbitrarily set value. This is in contrast to CW injection locking where all axial modes of the slave oscillator remain below threshold except the injected mode. This difference makes the detuning range for single axial mode selection in the injection seeding much wider than the frequency locking range in the injection locking. Thus, experimentally, injection seeding leads to much easier met detuning ranges for single axial mode operation for Q-switched or gain switched lasers. The numerical result for the axial mode selection range is compared to the experimental result in the next section. spiking pulse. The spiking pulse thus experiences many passes through the intracavity etalon and, therefore, is effectively narrowed to a single axial mode.
IV. EXPERIMENTAL RESULTS

A . Description of the Apparatus
------------------------I ETALON
The Q-switched Nd:YAG slave oscillator was of standard design with a 6.3 X 50 mm Nd:YAG rod within a 65 cm long confocal positive branch unstable resonator oscillator
Again, two quarter wave plates were used to eliminate the spatial hole burning. It was not necessary to use line narrowing elements within the unstable resonator oscillator. A piezoelectric transducer controlled the cavity length to match one cavity axial mode frequency to the externally injected wave frequency. For both oscillators, the invar spaced cavity structure provided high mechanical stability and good compensation agairist thermal length expansion. The externally injected signal entered the slave oscillator through the 2 percent transmittance rear mirror and the injection power was controlled by attenuators. The two oscillators were effectively decoupled by a polarizer and quarter wave plate optical isolator and by the opticai attenuators.
No attempt was made to match the transverse modes of the injected wave and the slave oscillator. Thus, the oscillators were further decoupled by the poor spatial mode overlap.
The master oscillator was initially operated with an electrooptic Q-switch to generate high peak power pulses. This allowed a wide range of injection signal ievels to be evaluated. It also allowed efficient harmonic generation so that the optical spectrum could be measured both at 1.06 and 0.532 pm. Measurements showed that, in agreement with the model, the un-Q-switched master oscillator provided more than adequate output power to injection seed the unstable resonator slave oscillator. For example, the 1 W peak power normal mode pulse from the master oscillator, after attenuation by absorption filters to less than 0.05 W and transmission by a 98 percent reflecting rear mirror of the unstable resonator oscillator, still provided more than adequate power at less than 1.0 mW peak power to injection seed the slave oscillator. This suggests the use of CW Nd:YAG or diode pumped Nd:YAG master oscillators for injection seeding.
The optical spectra of the two oscillators were monitored at 1.06 ym with a 30 MHz resolution Fabry-Perot interferometer. A Tektronix 7904 oscilloscope with SO0 MHz bandwidth was used to monitor the pulse shape. When the slave oscillator was operated with single axial mode output, the Fabry-Perot interferometer showed a clear change from a many axial mode to a single axial mode spectrum. The oscilloscope showed a change from the irregular pulse shape, which exhibited axial mode beating, to a smooth pulse shape which was completely free from any modulation at the cavity axial mode difference frequency. For high resolution measurements of the output optical spectra, a scanning confocal interferometer with 10 MHz resolution and 2 GHz free spectral range at 0.53 ym was used. The Q-switched pulses were frequency doubled with a KD*P crystal, monitored with the scanning interferometer, detected with a boxcar integrator, and recorded on a chart recorder. Scanning rates were held to longer than 2 min per free spectral range to fully time average the 10 Hz repetition rate spectrum from the laser oscillator.
B. Optical Bandwidth
The 50 ns Q-switched pulses from the master oscillator had measured 1.06 ,um optical bandwidth of 10 MHz with +S MHz frequency fluctuations.
A major contribution to the frequency jitter was thermal fluctuations caused by a combination of flash-lamp energy variations and water cooling instabilities. The Fourier transform bandwidth of the 50 ns Q-switched pulses was calculated to be 9 MHz in good agreement with the measured value. When the single axial mode pulse from the master oscillator was injected to the unstable resonator and simultaneously the cavity axial mode was tuned to allow the injected wave frequency to be within the axial mode selection range, single axial output from the slave oscillator was obtained. Single axial mode operation was verified by both the Fabry-Perot interferometer spectrum and the pulse shape.
The Q-switched pulses from the slave oscillator and the output optical spectrum are shown in Fig. 4 . The unstable resonator was pulsed at 10 Hz and operated at the 150 mJ per pulse output energy level with a 9 ns pulse width. Fig. 4(a) shows a multiple exposure of 200 Q-switched pulses with better than 1 ns time resolution. The single axial mode operation is evident from the lack of axial mode beating modulation on the pulse. Single axial mode operation was also confirmed by the 1.06,um Fabry-Perot interferometer spectrum, which was observed using an IR vidicon camera. Fig. 4(a) also shows the very good pulse-to-pulse peak power stability. The Fourier transformed bandwidth of the Q-switched pulse is computed to be 50 MHz as shown in Fig. 4(b) . Fig. 4(c) shows a scanned optical spectrum at 0.53 ym. The bandwidth is measured to be 81.5 MHz at 0.53 prn which corresponds to 57.8 MHz at 1.06pm. Considering that the scanned spectrum contains the output frequency jitter and is the convolution of the actual spectrum and the interferometer resolution, the measured bandwidth is in good agreement with the computed Fourier transform bandwidth. The clean shape of the optical spectrum recorded during a few minutes scan time also demonstrates that the slave oscillator produces frequency stable single axial mode Q-switched pulses. for a 10 ns pulse width, (c) for a 7 ns pulse width. The spectra were measured at 0.53 pm wavelength and converted at 1.06 pm with the factor of assuming Gaussian line shape.
Fig . 5 shows the scanned optical spectra for variousQ-switched pulse widths. When the slave oscillator was operated 1.3 times above threshold, the pulse width was measured to be 20 ns. If the pulse shape is assumed to be Gaussian, the Fourier transform bandwidth is calculated to be 22 MHz, which is in good agreement with the measured bandwidth of 25 MHz, as shown in Fig. S(a) . At 1.9 times above threshold, Fig 
C. Output Frequency
An important prediction of the theory is that the output frequency of the slave oscillator is determined by the slave oscillator and not by the master oscillator. This was confirmed experimentally by tuning the cavity axial mode of the slave oscillator, but still within the axial mode selection range, and observing a wavelength change at 1.06 pm using the FabryPerot interferometer and the infrared sensitive vidicon imaging system. On the other hand,if the frequency of themaster oscillator was tuned within the axial mode selection range,no movement of the slave oscillator axial mode wavelength was observed. This result clearly demonstrates that the function of the injected signal in the &-switched Nd : YAG oscillator is a selection of a particular axial mode by field enhancement. Fig. 6 shows that the axial mode selection range is increased for both high gain and high injection intensity. Fig. 6 also shows that the minimum required injection intensity for the single axial mode oscillation is extremely low for the Q-switched Nd:YAG oscillator. For a single pass gain of 15, which is a typical gain level for the unstable resonator Nd:YAG, the results show that only a few W/cm2 injection intensity are required to operate a single axial mode with a +20 MHz axial mode detuning range. This is an extremely low intensity, especially when compared to the injection intensity required to achieve CW injection locking.
D. Axial Mode Selection Range
E. Buildup Time of the Output Pulse
The buildup time of the Q-switched pulse in the slave oscillator is expected to decrease with increased injection intensity because the Q-switch pulse builds up from the higher injection signal level. Fig. 7 shows the buildup for two different injection intensities. The upper trace of the photographs shows the Q-switched high voltage, and thus optical transmittance with the inverted polarity. The lower trace shows the output pulses of both the master oscillator and the slave oscillator monitored with the same detector. The output pulse of the slave oscillator was strongly attenuated to scale properly for display. Fig. 7 (a) applies for 1 W/cm2 injection intensity and Fig. 7 (b) for 1 kW/cm2 injection intensity. The buildup time is shorter for the high-intensity injected signal as expected.
F. Long-Term Frequency Stabilization
Experimentally, we observed that injection seeding produces single axial mode operation of the unstable resonator Nd:YAG oscillator without any cavity length adjustments for periods of 2-5 min. This stability indicates the possibility of electronically providing feedback to lock the frequency of the injected field within the axial mode selection range, and thus to obtain longterm stable single axial mode operation. We considered and attempted a number of long-term stabilization methods. The use of a transfer interferometer reference cavity to which both master oscillator and slave oscillator were simultaneously locked, shown in Fig. 8 , proved to be successful. The reference interferometer had a free spectral range of 3 GHz and finesse of 6, but was not thermally stabilized. The output frequency from both oscillators was locked to one side of the transmittance curve of the reference interferometer by two similar feedback control loops. Once set, we observed feedback controlled single mode operation for 10 min. before thermal drift of the interferometer exceeded the feedback loop control range. Our initial success with electronic stabilization of the master and slave oscillator using a transfer interferometer suggests that the output frequency of the single axial mode Nd: YAG can be absolutely stabilized by locking to a molecular or atomic absorption line such as molecular I2 at 0.53 pm [30] or optogalvanic detected uranium in a hollow cathode discharge at 1.06 pm [31] , [32] .
V. CONCLUSION
Previously, intracavity interferometeric loss selective techniques have been attempted as a means to obtain single axial mode operation of a Q-switched unstable resonator Nd: YAG laser oscillator. The results have been only partially successful due to the high gain and divergent wave front of the unstable resonator cavity. We have demonstrated that injection seeding is a very effective method for single axial mode selection in a high gain laser oscillator. In particular, stable Fourier transform limited bandwidth operation of a Q-switched unstable resonator Nd:YAG oscillator has been demonstrated. We have developed a model to describe the axial mode selection process by injection seeding. The model predicts that the output frequency is that of the seeded axial mode frequency of the slave oscillator. The model is in agreement with the observed injection intensity and the detuning range for single axial mode selection. The model can be extended to other high gain laser oscillators and to transverse mode control by injection seeding.
The experiments carried out using an unstable resonator Nd: YAG oscillator have demonstrated that: 1) injection seeding provides very stable single axial mode Q-switched pulses with Fourier transform limited bandwidth without serious output power reduction; 2) that a very low power injection signal is adequate for single axial mode operation of the high gain Nd : YAG oscillator; 3) that the output frequency of the slave oscillator is not the externally injected signal frequency but is the slave oscillator axial mode frequency; and 4) that the axial mode selection range is much wider and more easily met than for steady-state injection locking.
The injection seeded single axial mode operation of the high peak power unstable resonator Nd : YAG source should greatly extend its usefulness for spectroscopy [ 3 3 ] and nonlinearinteraction studies [ 151 , [34] across the extended wavelength range now accessible by Nd: YAG pumped tunable sources.
